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ON THE BETTI NUMBERS OF SHIFTED COMPLEXES OF
STABLE SIMPLICIAL COMPLEXES
ZHONGMING TANG AND GUIFEN ZHUANG
Abstract. Let ∆ be a stable simplicial complex on n vertexes. Over an arbitrary
base field K, the symmetric algebraic shifted complex ∆s of ∆ is defined. It is
proved that the Betti numbers of the Stanley-Reisner ideals in the polynomial ring
K[x1, x2, . . . , xn] of the symmetric algebraic shifted, exterior algebraic shifted and
combinatorial shifted complexes of ∆ are equal.
Introduction
Throughout the paper, let ∆ be a simplicial complex on the vertex set [n] =
{1, 2, . . . , n}. Then, by definition, ∆ is a set of some subsets of [n] such that {i} ∈ ∆,
i = 1, 2, . . . , n, and, for any σ ∈ ∆, if τ ⊆ σ then τ ∈ ∆. Set ∇ = {σ ⊆ [n] : σ 6∈ ∆}.
Let S = K[x1, x2, . . . , xn] be the polynomial ring over an infinite field K. For any
σ = {i1, i2, . . . , ir} ⊆ [n] with i1 < i2 < . . . < ir, we set xσ = xi1xi2 · · ·xir . Then ∆
determines an ideal I∆, the Stanley-Reisner ideal of ∆, of S, which is the monomial
ideal generated by all monomials xσ such that σ ∈ ∇. Conversely, for any monomial
ideal L of S which is generated by some squarefree monomials, there is a unique
simplicial complex ∆1 on the vertex set [n] such that L = I∆1 . We refer the reader
to [5] and [10] for the detailed information about these notions.
For any graded ideal I of S, the graded Betti number βi,j(I) is defined by the
minimal graded free S-resolution of I:
· · · → ⊕jS(−j)
βi,j(I) → · · · → ⊕jS(−j)
β1,j(I) → ⊕jS(−j)
β0,j(I) → I → 0.
Set βi(I) =
∑
j βi,j(I). The regularity, reg(I), of I is defined as reg(I) = max{j− i :
βi,j(I) 6= 0}.
For the simplicial complex ∆, there are three shifted complexes ∆s, ∆e and ∆c,
which are called the symmetric algebraic shifted complex, exterior algebraic shifted
complex and combinatorial shifted complex of ∆ respectively, cf. [1]. Shifted com-
plexes are determined by some monomial ideals of a polynomial ring or an exterior
algebra over a field K. The combinatorial shifting and the exterior algebraic shift-
ing are defined over any base field K, while the symmetric algebraic shifting is only
defined when char(K) = 0, cf. [1]. In the present paper, we firstly show that if I is
a (squarefree) stable ideal of S, then Gin(I) is also stable. Then it makes sense to
define the symmetric algebraic shifting of stable complexes over an arbitrary base
field K. One of the important problems in the study of simplicial complexes is the
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behaviour of the graded Betti numbers under shifting. In [1], Aramova, Herzog and
Hibi conjectured that βi,j(I∆s) ≤ βi,j(I∆e) ≤ βi,j(I∆c), although their symmetric al-
gebraic shifting is only defined in characteristic 0. In this paper, we will show that,
over any base field, when ∆ is stable, βi,j(I∆s) = βi,j(I∆e) = βi,j(I∆c) = βi,j(I∆), for
all i and j.
1. Betti numbers under symmetric algebraic shifting
A monomial xa11 x
a2
2 · · ·x
an
n ∈ S is said to be squarefree if ai ≤ 1, i = 1, 2, . . . , n.
For a monomial u ∈ S, we denote max{i : xi | u} by m(u), and, for any σ =
{i1, i2, . . . , ir} ⊆ [n], we also denote max{is : s = 1, 2, . . . , r} by m(σ). Let I be
a monomial ideal of S, the minimal system of monomial generators of I will be
denoted by G(I). For any j, we write Ij ( G(I)j ) for the set of monomials of degree
j belonging to I ( G(I) )and I〈j〉 for the ideal generated by Ij . A monomial ideal I
of S is said to be squarefree if it is generated by squarefree monomials. Then, it is
clear that I∆ is a squarefree monomial ideal.
A (squarefree) monomial ideal is said to be (squarefree) stable if its set B of
(squarefree) monomials is (squarefree) stable, i.e., xi(u/xm(u)) ∈ B for all u ∈ B
and all i < m(u) ( such that xi 6 |u ), further, if xi(u/xj) ∈ B for all u ∈ B and all
i < j such that xj | u ( and xi 6 |u ) then we say that the ideal is strongly (squarefree)
stable. Let I be a monomial ideal of S. If I is stable, it is shown in [8] that
βi,i+j(I) =
∑
u∈G(I)j
(
m(u)− 1
i
)
and
reg(I) = max{deg(u) : u ∈ G(I)}.
If I is squarefree stable, then it is given in [3] that
βi,i+j(I) =
∑
u∈G(I)j
(
m(u)− j
i
)
and
reg(I) = max{deg(u) : u ∈ G(I)}.
We say that the simplicial complex ∆ is stable if I∆ is squarefree stable. Then, it
is easy to show the following
Lemma 1.1. The following are equivalent
(1) ∆ is stable.
(2) For any σ ∈ ∇, if 1 ≤ i < m(σ) and i 6∈ σ, then (σ \ {m(σ)}) ∪ {i} ∈ ∇.
(3) For any σ ∈ ∆, if i ∈ σ and m(σ) < j ≤ n, then (σ \ {i}) ∪ {j} ∈ ∆.
For a graded ideal I of S, let Gin(I) be the generic initial ideal of I with respect
to the reverse lexicographic term order on S induced by x1 > x2 > . . . > xn. Then
Gin(I) is Borel-fixed and, when char(K) = 0, it is strongly stable, cf. [6, Chapter
15]. For a general field K, we have the following
Proposition 1.2. If I is a (squarefree) stable ideal of S, then Gin(I) is also stable.
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Proof. Let j ≥ 1 be such that Ij 6= 0. As I is stable or squarefree stable, it follows
that I is componentwise linear, hence I〈j〉 is j-linear. Note that reg(I〈j〉) = j. Then
reg(Gin(I〈j〉)) = reg(I〈j〉) = j, thus Gin(I〈j〉) is generated in degree j. By the
construction of generic initial ideals, we see that Gin(I)j = Gin(I〈j〉)j , then it turns
out that Gin(I)〈j〉 = Gin(I〈j〉). Since Gin(I〈j〉) is Borel-fixed and generated in degree
j and reg(Gin(I〈j〉)) = j, it follows from [7, Proposition 10] that Gin(I〈j〉) is stable,
i.e., Gin(I)〈j〉 is stable. Hence Gin(I) is stable. 
There is an operator σ which transfers any monomial ideal into a squarefree
monomial ideal. For any u = xi1xi2 · · ·xij · · ·xid ∈ S where i1 ≤ i2 ≤ · · · ≤ ij ≤
· · · ≤ id, we set u
σ = xi1xi2+1 · · ·xij+(j−1) · · ·xid+(d−1). Let I be a monomial ideal
of S with G(I) = {u1, u2, . . . , ur}. Then we set I
σ for the squarefree monomial
ideal generated by uσ1 , u
σ
2 , . . . , u
σ
r . Thus I
σ is a squarefree ideal of K[x1, x2, . . . , xm],
where m = max{m(u) + deg(u)− 1 : u ∈ G(I)}.
Suppose that ∆ is stable. Then, by 1.2, Gin(I∆) is also stable. Using the same
arguments as in the proof of [1, Lemma 1.1], we see that m(u) + deg(u) − 1 ≤ n
for all u ∈ G(Gin(I∆)), hence, (Gin(I∆))
σ is also an ideal of S. Then we define the
symmetric algebraic shifted complex ∆s of ∆ by
I∆s = (Gin(I∆))
σ.
We are going to show that βi,j(I∆) = βi,j(I∆s) if ∆ is stable. When char(K) = 0,
this result can be easily proved. But, for a base field K with arbitrary characteristic,
we need some new results as we do not know whether Gin(I∆) is strongly stable.
Proposition 1.3. If I is a (squarefree) stable ideal of S, then
βi,j(I) = βi,j(Gin(I)) for all i and j ,
Proof. By 1.2, Gin(I) is also stable, thus I and Gin(I) are componentwise linear.
Then, by [9, Proposition 1.3], for any i and j,
βi,i+j(I) = βi(I〈j〉)− βi(mI〈j−1〉),
βi,i+j(Gin(I)) = βi(Gin(I)〈j〉)− βi(mGin(I)〈j−1〉)
= βi(Gin(I〈j〉))− βi(mGin(I〈j−1〉)),
where m is the ideal (x1, x2, . . . , xn) of S. Since mI〈j−1〉 is j-linear, it follows that
reg(mI〈j−1〉) = j, hence reg(Gin(mI〈j−1〉)) = j. Then Gin(mI〈j−1〉) is also generated
in degree j. On the other hand, as Gin(I〈j−1〉) is generated in degree j − 1 (refer to
the proof of 1.2), we see that mGin(I〈j−1〉) is also generated in degree j. But
Gin(mI〈j−1〉)j = Gin(I〈j−1〉)j = (mGin(I〈j−1〉))j,
hence mGin(I〈j−1〉) = Gin(mI〈j−1〉). To end the proof, it is enough to show that, if
I is (squarefree) stable and generated in degree d, then βi(I) = βi(Gin(I)). By the
assumptions, I and Gin(I) are d-linear and their Hilbert functions have the following
3
forms:
HI(t) = (
∑
i
(−1)iβi,i+d(I)t
i)
td
(1− t)n
,
HGin(I)(t) = (
∑
i
(−1)iβi,i+d(Gin(I))t
i)
td
(1− t)n
.
But I and Gin(I) have the same Hilbert function, hence βi(I) = βi(Gin(I)), as
required. 
The following result is proved in [1] when I is strongly stable.
Lemma 1.4. If I is stable and Borel-fixed, then βi,j(I) = βi,j(I
σ), for all i and j.
Proof. Let G(I) = {u1, u2, . . . , ur}. We will show that I
σ is squarefree stable with
G(Iσ) = {uσ1 , u
σ
2 , . . . , u
σ
r}. Then the result follows from the formulas of Betti num-
bers of stable and squarefree stable ideals.
Let u = xr1i1x
r2
i2
· · ·xrsis ∈ I with i1 < i2 < . . . < is and rj ≥ 1, j = 1, 2, . . . , s. We
firstly note that, since I is p-Borel with p = char(K) and k ≤p k for any positive
integer k, cf. [6, Chapter 15], it follows that (xk/xij )
rju ∈ I for all 1 ≤ k < ij.
Secondly, let v = xt1j1x
t2
j2
· · ·xtljl ∈ I with j1 < j2 < . . . < jl and tk ≥ 1, k = 1, 2, . . . , l.
Suppose that vσ | uσ and to see the relationship between u and v. For any r ∈ [n]
and J ⊆ [n] ∪ {0}, set xr+J =
∏
k∈J xr+k and [0, r − 1] = {0, 1, . . . , r − 1}. Then
uσ = xi1+[0,r1−1] · xi2+r1+[0,r2−1] · · ·xis+(r1+...+rs−1)+[0,rs−1].
We notice that the difference between indices of any two xw in different groups
xik+(r1+...+rk−1)+[0,rk−1] is at least 2. Thus, from
vσ = xj1+[0,t1−1] · xj2+t1+[0,t2−1] · · ·xjl+(t1+...+tl−1)+[0,tl−1]
and vσ | uσ, we see that l ≤ s and there exist wk ∈ [s], k = 1, 2, . . . , l, such that
xjk+(t1+...+tk−1)+[0,tk−1] | xiwk+(r1+...+rwk−1)+[0,rwk−1], k = 1, 2, . . . , l.
Hence jk = iwk +mk with mk ≥ 0 and tk ≤ rwk , k = 1, 2, . . . , l. It turns out that
xt1j1−m1x
t2
j2−m2 · · ·x
tl
jl−ml
| u for some mk ≥ 0, k = 1, 2, . . . , l.
Now we show that G(Iσ) = {uσ1 , u
σ
2 , . . . , u
σ
r}. Suppose that u
σ
k 6∈ G(I
σ). Then
there exists some l 6= k such that uσl | u
σ
k . Let ul = x
r1
i1
xr2i2 · · ·x
rs
is
with i1 < i2 < . . . <
is and rj ≥ 1, j = 1, 2, . . . , s. Then x
r1
i1−m1x
r2
i2−m2 · · ·x
rs
is−ms | uk for some mt ≥ 0, t =
1, 2, . . . , s. Note that xr1i1−m1x
r2
i2−m2 · · ·x
rs
is−ms 6= uk by u
σ
l | u
σ
k . Since x
r1
i1
xr2i2 · · ·x
rs
is
∈
I and I is Borel-fixed, as noted above, we see that xr1i1−m1x
r2
i2−m2 · · ·x
rs
is−ms ∈ I. This
contradicts that uk ∈ G(I). Thus G(I
σ) = {uσ1 , u
σ
2 , . . . , u
σ
r}.
Finally, we show that Iσ is squarefree stable. Let u = xr1i1x
r2
i2
· · ·xrsis ∈ G(I)
with i1 < i2 < . . . < is and rj ≥ 1, j = 1, 2, . . . , s. Suppose that l < m(u
σ) =
is+(r1+. . .+rs)−1 and xl 6 |u
σ. Let ik−1+(r1+. . .+rk−1)−1 < l < ik+(r1+. . .+rk−1)
and set v = xr1i1 · · ·x
rk−1
ik−1
xl−(r1+...+rk−1)x
rk
ik−1
· · ·x
rs−1
is−1−1x
rs−1
is−1 . Note that v ∈ I as above
and vσ = (xl/xm(uσ))u
σ. Then v = uwv
∗ for some uw ∈ G(I) and a monomial v
∗ ∈ S,
as I is stable, we may assume that m(uw) < j for all j such that xj | v
∗. Thus we
have that uσw | v
σ, hence vσ ∈ Iσ, as required. 
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Now we prove the following
Theorem 1.5. If ∆ is stable, then, for all i and j,
βi,j(I∆) = βi,j(I∆s).
Proof. Since I∆ is squarefree stable, it follows from 1.3 that βi,j(I∆) = βi,j(Gin(I∆)).
But Gin(I∆) is also stable by 1.2, and Borel-fixed. Then the theorem follows from
1.4 . 
For exterior algebraic shifting, a similar result can been easily obtained. Let V
be an n-dimensional K-vector space with basis e1, e2, . . . , en. Then the exterior
algebra E =
∧·(V ) is a finite dimensional graded K-algebra and its r-th graded
component
∧r(V ) has the K-basis ei1 ∧ei2 ∧· · ·∧eir with i1 < i2 < . . . < ir. For any
σ = {i1, i2, . . . , ir} ⊆ [n] with i1 < i2 < . . . < ir, we set eσ = ei1 ∧ ei2 ∧ · · ·∧ eir . The
stable and strongly stable ideals of E ( which are automatically squarefree ) can be
defined as in S. Let I be a graded ideal of E. The generic initial ideal, Gin(I), of I
in E is also defined similarly as in S. Then Gin(I) is strongly stable for any infinite
field K, cf. [4].
For the simplicial complex ∆, we set J∆, the Stanley-Reisner ideal of ∆ in E,
as the monomial ideal of E generated by all monomials eσ such that σ ∈ ∇. The
exterior algebraic shifted complex ∆e of ∆ is defined by
J∆e = Gin(J∆).
Suppose that ∆ is stable. Then J∆ is also componentwise linear. Thus, by [2,
Corollary 2.2], we have the following
Proposition 1.6. If ∆ is stable, then, for all i and j,
βi,j(I∆) = βi,j(I∆e).
2. Betti numbers under combinatorial shifting
Let 1 ≤ k < l ≤ n, for any σ ∈ ∇, we define
Skl(σ) =
{
(σ \ {l}) ∪ {k} if l ∈ σ, k 6∈ σ and (σ \ {l}) ∪ {k} 6∈ ∇,
σ otherwise.
We summarize some properties of Skl as follows:
(1) For any σ ∈ ∇, Skl(σ) 6∈ ∇ if Skl(σ) 6= σ.
(2) Let σ, τ ∈ ∇, if σ 6= τ then Skl(σ) 6= Skl(τ).
(3) If ∆ is stable, then m(Skl(σ)) = m(σ).
(4) Let G(I∆) = {xσ1 , xσ2 , . . . , xσr}. Then σi 6= Skl(σj) for any i 6= j, and, if
Skl(σi) ⊆ Skl(σj) for i 6= j, then Skl(σi) 6= σi and Skl(σj) = σj .
Shiftkl(∆) is the simplicial complex defined by IShiftkl(∆) which is the squarefree
monomial ideal of S generated by all monomials xSkl(σ) with σ ∈ ∇. A combinatorial
shifted complex ∆c of ∆ is a shifted complex and
∆c = Shiftkrlr(Shiftkr−1lr−1(· · · (Shiftk1l1(∆)) · · · )),
for some r ≥ 1 and ki < li, i = 1, 2, . . . , r.
5
We firstly discuss the properties of Shiftkl(∆) and, then, get the properties of ∆
c
by induction.
Lemma 2.1. If ∆ is stable, then Shiftkl(∆) is also stable.
Proof. It is enough to show that, for any σ ∈ ∇, if i < m(Skl(σ)) and i 6∈ Skl(σ),
then (Skl(σ) \ {m(Skl(σ))}) ∪ {i} = Skl(σ
′) for some σ′ ∈ ∇. Set σi = (Skl(σ) \
{m(Skl(σ))}) ∪ {i}. Consider two cases.
Case I) Skl(σ) = σ. Then σi = (σ \ {m(σ)}) ∪ {i} ∈ ∇ by the stability of ∆.
We will show that σi = Skl(σi). On the contrary, suppose that Skl(σi) 6= σi. Then
Skl(σi) = (σi \ {l}) ∪ {k}, l ∈ σi, k 6∈ σi and (σi \ {l}) ∪ {k} 6∈ ∇. Note that i 6= k
and (σi \ {l})∪ {k} = (((σ \ {m(σ)})∪ {i}) \ {l})∪ {k}. Consider two possibilities:
i = l and i 6= l. When i = l, as ∆ is stable, k < m(σ) and k 6∈ σ, we have that
(σi \ {l}) ∪ {k} = (σ \ {m(σ)}) ∪ {k} ∈ ∇,
a contradiction. When i 6= l, as l ∈ σi, k 6∈ σi and k < l, we see that l ∈ σ and
k 6∈ σ. But Skl(σ) = σ, this implies that (σ \ {l}) ∪ {k} ∈ ∇. By l ∈ σi again, we
have that l 6= m(σ), hence m((σ \ {l}) ∪ {k}) = m(σ) and
(σi \ {l}) ∪ {k} = (((σ \ {l}) ∪ {k}) \ {m((σ \ {l}) ∪ {k})}) ∪ {i}.
Since i < m(σ) and i 6∈ (σ \ {l}) ∪ {k}, it follows from the stability of ∆ that the
right-hand side of the above equality is in ∇, i.e., (σi\{l})∪{k} ∈ ∇, a contradiction
again.
Case II) Skl(σ) 6= σ. Then Skl(σ) = (σ \ {l}) ∪ {k}, l ∈ σ, k 6∈ σ and (σ \
{l}) ∪ {k} 6∈ ∇. Thus, by the stability of ∆, we see immediately that l 6= m(σ),
hence m(Skl(σ)) = m(σ) and σi = (((σ \ {l}) ∪ {k}) \ {m(σ)}) ∪ {i}. Note that
i 6= k by i 6∈ Skl(σ). Consider two possibilities: i = l and i 6= l again. When
i = l, as k < m(σ) and k 6∈ σ, we have that σi = (σ \ {m(σ)}) ∪ {k} ∈ ∇
by the stability of ∆, and Skl(σi) = σi, as required. When i 6= l, we have that
σi = (((σ \ {m(σ)}) ∪ {i}) \ {l}) ∪ {k}. As i < m(σ) and i 6∈ σ, we see that
(σ \ {m(σ)}) ∪ {i} ∈ ∇ by the stability of ∆. Since l ∈ (σ \ {m(σ)}) ∪ {i} and
k 6∈ (σ \ {m(σ)})∪{i} by k 6∈ σ and i 6= k, it follows that σi = Skl(σi) if σi ∈ ∇ and
σi = Skl((σ \ {m(σ)}) ∪ {i}) if σi 6∈ ∇, as required. 
Suppose that ∆ is stable and G(I∆) = {xσ1 , xσ2 , . . . , xσr}. For any σ ∈ ∇, there
is an i ∈ [r] such that σ = σi ∪ τ with τ ⊆ [n], where we understand always that
σ ∩ τ = ∅. Let τ1, τ2 ⊆ [n], we write τ1 < τ2 if s < t for all s ∈ τ1 and t ∈ τ2. Note
that, as ∆ is stable, we can find some j ∈ [r] such that σ = σj ∪ τ
′ where τ ′ ⊆ [n]
and σj < τ
′, and such a representation is unique.
Let i ∈ [n]. If Skl(σi) ⊇ Skl(σj) for some j 6= i, then Skl(σi) = σi and Skl(σj) 6= σj ,
hence σi = Skl(σj) ∪ τ with τ ⊆ [n] and τ 6= ∅, and conversely, this equality implies
that Skl(σj) 6= σj , k ∈ σi, hence Skl(σi) = σi and Skl(σi) ⊇ Skl(σj). Furthermore,
σj ∪ τ is uniquely defined by σi since, if σi = Skl(σj′) ∪ τ
′ with j′ ∈ [r] and τ ′ ⊆ [n]
then l ∈ σj , σj′, k 6∈ σj , σj′ and ((σj \ {l})∪ {k})∪ τ = ((σj′ \ {l})∪ {k})∪ τ
′, hence
σj ∪ τ = σj′ ∪ τ
′ recalling that, by our convention, Skl(σj)∩ τ = Skl(σj′)∩ τ
′ = ∅. As
noted above, we may assume that σj < τ . Then it makes sense to give the following
definition.
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Let i ∈ [r], we define σ∗i as follows
σ∗i =
{
σs ∪ τ if σi = Skl(σs) ∪ τ for some s 6= i
Skl(σi) otherwise
Thus there are three possible values for σ∗i . If Skl(σi) 6= σi then σ
∗
i = Skl(σi) 6∈ ∇; if
Skl(σi) = σi then σ
∗
i = σs ∪ τ or σi depending on whether σi = Skl(σs) ∪ τ for some
s 6= i or not. Note that m(σ∗i ) = m(σi), i = 1, 2, . . . , r.
Lemma 2.2. Suppose that ∆ is stable. If G(I∆) = {xσ1 , xσ2 , . . . , xσr}, then
G(IShiftkl(∆)) = {xσ∗1 , xσ∗2 , . . . , xσ∗r}.
Proof. Firstly, we show that IShiftkl(∆) is generated by xσ∗1 , xσ∗2 , . . . , xσ∗r . It is enough
to show that, for any σ ∈ ∇, there is an i such that Skl(σ) = σ
∗
i ∪ τ . As G(I∆) =
{xσ1 , xσ2 , . . . , xσr}, we have that σ = σj ∪ τ1, for some j, where σj < τ1. Divide into
three cases.
Case I) Skl(σj) 6= σj . Then σ
∗
j = Skl(σj), l ∈ σj , k 6∈ σj and Skl(σj) = (σj \ {l})∪
{k} 6∈ ∇, hence l ∈ σ. If k ∈ σ, then k ∈ τ1 and
Skl(σ) = σ
= σj ∪ τ1
= ((σj \ {l}) ∪ {k}) ∪ ((τ1 \ {k}) ∪ {l})
= σ∗j ∪ ((τ1 \ {k}) ∪ {l}),
as required. If k 6∈ σ and (σ \ {l})∪{k} ∈ ∇, then (σ \ {l})∪{k} = σt ∪ τ
′ for some
t, where σt < τ
′, and Skl(σ) = σ. Note that (σ \ {l})∪ {k} = ((σj \ {l})∪ {k})∪ τ1.
Then
((σj \ {l}) ∪ {k}) ∪ τ1 = σt ∪ τ
′,
where (σj \ {l}) ∪ {k} < τ1 and σt < τ
′. As (σj \ {l}) ∪ {k} 6∈ ∇, we see that
(σj \ {l}) ∪ {k} ⊆ σt. Thus σt = ((σj \ {l}) ∪ {k}) ∪ τ
′′ = Skl(σj) ∪ τ
′′ with τ ′′ ⊆ τ1,
then σ∗t = σj ∪ τ
′′. Hence
Skl(σ) = σ
= σj ∪ τ1
= (σj ∪ τ
′′) ∪ (τ1 \ τ
′′)
= σ∗t ∪ (τ1 \ τ
′′),
as required. If k 6∈ σ and (σ \ {l}) ∪ {k} 6∈ ∇, then Skl(σ) = (σ \ {l}) ∪ {k}. Hence
Skl(σ) = ((σj \ {l}) ∪ {k}) ∪ τ1 = σ
∗
j ∪ τ1, as required.
Case II) Skl(σj) = σj and there is no s 6= j such that σj = Skl(σs)∪ τ . Then σ
∗
j =
σj . If Skl(σ) = σ, then Skl(σ) = σ = σ
∗
j ∪ τ1,as required. If Skl(σ) 6= σ, then l ∈ σ,
k 6∈ σ and (σ\{l})∪{k} 6∈ ∇, hence Skl(σ) = (σ\{l})∪{k} = ((σj∪τ1)\{l})∪{k}.
Note that k 6∈ σj implies that l 6∈ σj , otherwise, from Skl(σj) = σj we have that
(σj \ {l}) ∪ {k} ∈ ∇, then ((σj ∪ τ1) \ {l}) ∪ {k} = ((σj \ {l}) ∪ {k}) ∪ τ1 ∈ ∇, a
contradiction. Hence l ∈ τ1 and
Skl(σ) = σj ∪ ((τ1 \ {l}) ∪ {k})
= σ∗j ∪ ((τ1 \ {l}) ∪ {k}),
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as required.
Case III) Skl(σj) = σj and there is some s 6= j such that σj = Skl(σs) ∪ τ .
Then σ = σj ∪ τ1 = Skl(σs) ∪ τ ∪ τ1. Note that Skl(σs) 6= σs, which implies that
k ∈ Skl(σs) = (σs \ {l}) ∪ {k}. Then k ∈ σ and Skl(σ) = σ. Since σ
∗
s = Skl(σs), it
follows that Skl(σ) = σ = σ
∗
s ∪ (τ ∪ τ1), as required.
Secondly, we show that xσ∗
1
, xσ∗
2
, . . . , xσ∗r is a minimal system . It is enough to
show that σ∗i 6⊆ σ
∗
j for any i 6= j. Divide into three cases again.
Case 1) σ∗j = σj . It is clear that σ
∗
i 6⊆ σ
∗
j if σ
∗
i = σi or σt ∪ τ , so we may assume
that σ∗i = Skl(σi). As Skl(σj) = σj , if σ
∗
i ⊆ σ
∗
j then Skl(σi) ⊆ Skl(σj), which implies
that σ∗j 6= σj , a contradiction.
Case 2) σ∗j = Skl(σj) 6= σj . Then, as Skl(σj) 6∈ ∇, we see that σ
∗
i 6⊆ σ
∗
j if σ
∗
i = σi
or σt ∪ τ . If σ
∗
i = Skl(σi) 6= σi and σ
∗
i ⊆ σ
∗
j , then l ∈ σi, σj , k 6∈ σi, σj and
(σi \ {l}) ∪ {k} ⊆ (σj \ {l}) ∪ {k}. It follows that σi ⊆ σj , a contradiction.
Case 3) σ∗j = σt ∪ τ , where σt < τ . Then σj = Skl(σt) ∪ τ , l ∈ σt, k 6∈ σt and
Skl(σt) = (σt \ {l}) ∪ {k} 6∈ ∇. If σ
∗
i = Skl(σi) 6= σi, then k ∈ σ
∗
i , hence σ
∗
i 6⊆ σ
∗
j
as k 6∈ σ∗j . If σ
∗
i = σs ∪ τ
′, where σs < τ
′, l ∈ σs and k 6∈ σs, then σ
∗
i ⊆ σ
∗
j implies
that σt ∪ τ = σs ∪ τ
′ ∪ τ ′′ for some τ ′′, it follows that ((σt \ {l}) ∪ {k}) ∪ τ =
((σs \ {l})∪{k})∪ τ
′ ∪ τ ′′, i.e., σj = σi ∪ τ
′ ∪ τ ′′, a contradiction. Finally, we assume
that σ∗i = σi and σ
∗
i ⊆ σ
∗
j . Then σt ∪ τ = σi ∪ τi for some τi 6= ∅ and Skl(σi) = σi.
As l ∈ σt, k 6∈ σt and k < l, we have that l ∈ σi or l ∈ τi, and k 6∈ σi and k 6∈ τi. If
l ∈ σi, then, from k 6∈ σi and Skl(σi) = σi, we have that (σi \ {l}) ∪ {k} ∈ ∇. Thus
(σi \ {l})∪ {k} = σu ∪ τu for some σu ∈ G(I∆). Then, from σt ∪ τ = σi ∪ τi, we have
that
σj = Skl(σt) ∪ τ
= ((σt \ {l}) ∪ {k}) ∪ τ
= ((σi \ {l}) ∪ {k}) ∪ τi
= σu ∪ τu ∪ τi,
a contradiction. If l ∈ τi, then, from σt ∪ τ = σi ∪ τi, we have that
σj = Skl(σt) ∪ τ
= ((σt \ {l}) ∪ {k}) ∪ τ
= σi ∪ ((τi \ {l}) ∪ {k}),
a contradiction again. The proof is complete. 
Now we can prove
Theorem 2.3. If ∆ is stable, then, for all i and j,
βi,j(I∆) = βi,j(I∆c).
Proof. Suppose that ∆c = Shiftkrlr(Shiftkr−1lr−1(· · · (Shiftk1l1(∆)) · · · )) , where r ≥ 1
and ki < li, i = 1, 2, . . . , r. By 2.1, Shiftkili(Shiftki−1li−1(· · · (Shiftk1l1(∆)) · · · )) is
stable for i = 1, 2, . . . , r. Hence it is enough to show that βi,j(I∆) = βi,j(IShiftkl(∆))
for any 1 ≤ k < l ≤ n. Let G(I∆) = {xσ1 , xσ2 , . . . , xσr}, then, by 2.2, G(IShiftkl(∆)) =
{xσ∗
1
, xσ∗
2
, . . . , xσ∗r}. Since I∆ and IShiftkl(∆) are squarefree stable and m(σ
∗
i ) = m(σi),
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i = 1, 2, . . . , r, it follows from the formula of Betti numbers of squarefree stable ideals
that βi,j(I∆) = βi,j(IShiftkl(∆)), as required. 
Combining 1.5, 1.6 and 2.3, we get the following
Theorem 2.4. If ∆ is stable, then, for all i and j,
βi,j(I∆s) = βi,j(I∆e) = βi,j(I∆c).
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